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Topic 6-Normal subgroupsFactorgroves



Bef: Leto be a grove and

HEG .

Let get .

ThecostofA
containingis

The rehtcoset of I containing g
is

Htg = Ehg/hH]
The set of all left cosets is

8/H = [gH(g = G]

~

I read this

as "G mod I"



Ex: Do = 51 ,
r
,

r2
,

s
,

sr
,
so]

H = (r) = [1,
5
, r2] 1,

5= 1

Assets:

1H = [1 - 1
,

1 - r
,

1 - -23 = [1 ,
r
,
ry = H

rH = Er . 1
,

r - r
,

r - ry = &r
,

r3
,

13 = H

rH = Er1 ,
r? r

,
rir) = ErY1 ,

ry = H

SH = Es . 7
,

S . r
,

S . ray = Es ,
Sr

,
sud

salt = Est . 1
,

su . r
,

so . r = Est, srY ]

sh = Es 1,

sair
,
so rY = Gr, s

,
so]

There are two left cosets :

57
,
r

,
m2y = H = rH = -H

Es,
su

,
sun = SH = srH = su-H



right cosets:

H1 = 51 . 1
,

r - 1
,

r
: 13 = 51

,
5
,
r2

Hr = E1r,

ror
,

m rz = 3r
,
r31]

Hr' = [1 .
2

,
r .

r
,

min2] = Er 1
,
r3

Its = E1 - s
,

rs
,

rish = Es
,
so so

↑

rs = srsEsr#r's = sid=
-Est

Har = Eliss,
wor,

Maryedsu, s
,
so

↑

rsr = srr = SGrisr = sir essa

Hsr = Ea . susr,
risn' = Esrsr, s]

↑
rsr" = sirsr=ragr" =

There are two right cosets :

[1 ,
r
,
ray = H = Hr = H +

2

Es ,
So, sr = Hs = Her = Her



In this case the left and right
cosets are the same.

The group Do is partitioned by

its left or its right colets .

In this case in the same way.

H SH = Is

·DoI
The set of left cosets is

P/H = &H ,
SH}



Therem: Let G be a group

and HEG .

Let a
,
beG .

Then :

① a f alt

② alt = bH ift Gaet

at bH
③ alt = bH iff

a = bh for Some hel

① alt = bl ift

⑤ The left cosets ofG partion G.

That is
,

G = Ugh
gEG

and given any
two left cosets

alt and bl either
atlbH =

or
al = bH.

⑧ If It is finite ,
then lat) = /H = (Ital



fi
① eEH since HG .

Thus
,

a = aee alt.

Supposealt = bH.

By part O we know at alt.

alt=blt this gives a E bl.

Since

Thus ,
a = bh for some

heH .

Thus ,

ba = heH.

(2) Suppose
J'aelt

Then bath for some
helt.

Let's show att = bH by showing

both altbH and bHealt.

Let ze alt .

Then z = ah ,
where ht H.

So
,

z = ah
,
= bhh ,

= b()tbH
in H

since HEG



Thus
,

alebH.

Now suppose webl.

Then w = bhe where hath.

So, w = bhn = ahhn = a halt
since HEG

Thus
,

bH al.

Therefore alt = blt.

-

③ HW

-
⑪ Hw
-

⑤ Clearly gHEG for any geG .

Thus ,

WEg] =
UsHEG .

G =

geb
geG

So,
G = V



Let alt and but be two left cosets .

We want to show that either

aH = bH or aH1bH = % .

We do this by showing that

alt = bH iff aHRbHE .

alt = bl.

(*) Suppose

Then ,
alrbH = aH +

aeatt

(8) Suppose
alt MbH #9

Then there exists
z-altbH.

This ,
z = ah

,

and z = bha where

hi ,
hat H.

Now let's show
alt = bl.

Let yealt.

Then y = als where hg EH .



Since ah = z = She we have

that a = bhehi .

Thus
, y = ahs = bunth -> bH

in H

So
,

alt = bl.

Suppose XEbH.

Then X = bhy where hytH.

Since ah = bhe we
have b = ah

,
hi

Thus ,

x = bhy = ahhhy alt

H

So
,

bHealt

Hence alt =bl.

-

⑧ Hw

#



Ex: 20 = E ,
i

,
2

,
3

,
4

, 5]

H = <5) = 50 , 33

0 + H = 50 ,
33 = 5 + H

T + H = T, y = Y + H

2 +H = 52 ,
53 = 5 + H

+ H +H

:
The set of left cosets is

26/H = [0 + H
,

T + H
,

z + H)



-Lagrangesthere

Let G be a finite group

and HIG .

I
divide1

Let g ,
It

, galt , ..., grt be the

distinct left cusets that partition G.

From the theorem,

19 .
H) = (9cH) =...

= (grH) = (H)

Thus
,

(6) = (9 ,
H) + (92H) +... + (9H)

= (H) + ((+ ) + . + 1()

-



Corollary- If G is a group and

161 = p where p is prime,
then

pis prime, P22

Thus
,

there exists XEG where

e
Consider H =<XX.

Since X*e,
we

know e
,
XeH and

thatI H132 .

By Lagrange ,
IHI divides /G = P.

The only divisors of p are 1 and P

because p is prime.

Thus,
IH) = P.

H = G .

Therefore
iscyclic-thus /



em: LetG be a finite group

If Xe6 ,
then the order of X

-where
-

m is the order of X.

So
,

1H1 = m.

By Lagrange's theorem,
1H1 divides 161.

So,
m

divides (ol. #
-



De: Let G be a grove and HEG .

wesay thatHist
it

We write HEG to mean
that It is

normalsubgrove
of G.

Ex : Do = E1 ,
r
,

r2
,

5
,

sr ,
sr]

-

H = (r) = [1 ,
r
,
r

previously we saw
that :

Atcosets

51 ,
+ ,23 = H = H = -H

Es, Sr, sry = SH = srH =st

·
Thus,

HE Do



Ex: Do = E1,
r
,
r, s

,
sr , sr2]

H =(s) = 57,
53

esH
rH = Er, rsb = Er ,

s== st

r = Errish= srH

So
,

the left cosets partition Do as follows :

·I
rightFHs

Hr = Er, sr] = Hsr

Hr= Ersr] = Her



The right cosets partition Do as follows :

:
The left and right cosets are

not

the same .

Thus , # is not a

normal subgroup
of Do.



Therem: If G is an abelian group,

then all of it's subgroups are normal .

goof: Let G be an abelian group.

Let HEG and geG .

Then,

gH = Egh/hcHy = Ghg)haHy = Hg .

He
# Zo = E,

T
,
2

,
5

,
#

,
5) is abeliaa

.

All subgroups
of Es are

normal .

26
< ) = 50]
<T) = <57 = 20 / Y
(2) = (i) = 50

,
2 ,i 3 50,

53

(5) = 55,
53 -



The em: Let G be a group and HEG .

Then the following are equivalent.

Here
① It is normal ,

② gHg" H for all ge G (gHj'= Eghg(hcH]

③ gHg = I for all geG

-

proof :

-

(DEG) Assume It is normal
,

that is gHettyforget
&

Fix some gEG .

Let XegHg !

Then X = ghg" for some
heH.

Since ghEgH and gH = Hy there exists

h
,

where gh = h
, g.

Then ,
X = ghg" = higg = h

,
EH.

So
, gHg"H.

(888) Assume XHx** H for all xEG .

We must show that HEXHX" for all XEG .

Let get be fixed.

Let's show HEgltgt
Let he H.



Then
, ghg = g"h (g") " If by assumption

With X = 9L
Thus , gihg = he where hatH.

Then
, h = gh,g"egly·

Thus ,
HegHg" .

(D) Suppose xHx" = H for all XeG .

Leta be fixed.
assumption with

Let XEg H. &
Then

,
x = gh where her /

x = 9

By assumption ghg"Elt and so ghgths where

hgEH-
Thus,

X = gh = higeHg .
So

,
gH = Hg .

Similarly let yeHg.
Then y

= hig for some
helt.

[
And g'h'g = g"h(g")"EH = assumption

with

So,
9 "h'g = hi

,
for some hyel.

Then
,

y = h'g = ghy EgH.

Thus,
Hg 29 H.

Therefore ,
Hg = g H and It is normal.

#
-



↓heremiThen , Ker(q) & G
,

.

rot:↳
Let's show that Ker (4) is

Let geG ,
and he kersel

Then ,
g(ghg) = <(g)4(h)p(g")erses

= q(y)e24(y-)
= q(y)p(y")
= p(99
= q(e ,

)

= 22

So , ghg"Eker(e).

Thus
,

g(ker(a)(g"kerle
So

, Kerce) is normal .

-



Ex: Consider GL(2
,
1) = &(4) /abcdE

Consider det : GL(2 , IR) - I*

We know det is a homomorphism since

det (AB) = det (A) det (B) .

The Kernel is

Ker(det) = GAEGL(2 ,
(4) (det (A) = 13

= SL(z ,
1)

Thus
,

SL(2,
IR) & GL(2 ,

1) .

GL(2 , IR) ~*

Dig-8

(i -- I

C I-- 2

(3)
- -3



It turns out that if HEG then the

set of left cosets can be made into a group

Using the operation (aH) (bH) = (ab) H.

Since there can be multiple ways
to represent

a left coset we must make sure this

operation is well-defined.

-

The rem: Let Go be a group
and HEG .

The operation (aH)(bH) = (ab) It on
the

set of left cosets G/H is well-defined

-Itand only ifIt is normal
.

Bootoppose It is a normal subgroup
of G.

Consider a ,
b, deG where alt = ch und bH = dH.

We must show that (aH) (bH) = lab) It is

equal to (cHI(dH) = (cd(t.

Since attech we know
a

ealt and

so a = ch ,
where hi H .

Similarly since bH = dH we
have

b = dha whi

Then
,

ab = chidha .



Since It is normal we know Hd = dH.

Thus since hideHd we know hided t.

Hence hid = dhy for some ha Ett.

Thus, ab = Ch
, dhn =dhsha EcdH.

Since abecdH we know abH = cdH.

(8) [Skid this direction in class since not used.I

Suppose the operation on left cosets is

well-defined ,
that is if alt = cH and

abH = cdH .

bH = dH) then

Let's show that It is normal

Let get und helt
.

Then ,
since hit = elf we have

jH = (e()(H) = (h(t)(jH)
↑

well-definedCoperation

Thus ,
H=

= H



So
, hgegH.

Thus
,

hj = g'h , where hiEH .

So
,

ghg" = h, H.

We have shown
that ghgtet

for any geG and helt.

Hence It is normal
.

#



The rem: Let G be a group

and H* G.

Then ,

G/H is a group
under

the operation

(aH)(b() = (ab)(

The identity element is al = H

The inverse
of alt is alt.

-

roof:

① Let a
,
beG .

Then ,

abEG .

Thus ,
(aH) (bH) = abHEG/H .

under the
operation ,

So ,

G/H is closed
-

② Let alt ,
bl

,
che /H.

then,



(a()[(bH)(cH)] = [aH][bcH)
=

a(bc)H
&

= (ab)cHintive
=
[abH](cH]
= [(aH)(b()](cH)

③ Given altEG/H we have

(aH)(e() = aeH = at

(eH)(aH) =
eH = at

⑦ Given
alt EG1H We have

(at)(aH) = (ac)(t = et

(H)(aH) = (a)( = eH

#



= Do = [1 ,
r
,

r2
,

s
,
sr

,
sr2]

H = (r) = 57 ,
r
,

r2]

ecoset,y = ~H = rH

SH = Es ,
Sr, sry = srH = srH

Previously we saw
that HE Do

So
, /H = SH,

SH] is a group with

operation (a(t)(b() = (ab)(

H = AH is the identity.

· (H)(sH) = 1 . SH = sH

(s()(sH) =
s2(t = 1H = H

(H)(()
=(H)(1H) = H

(sH)(() = (s()(1H) =
SH

of sl are :

The powers
Sit

(SH)(SH) = 5 H = 2H = H

MosDiscPER



Ex:o = 0
,
i

,
2

,
5 ,

4
,
5) is abelian

H = (5) = 50 ,
33 is a normal subgroup

Leftcosets :

5 + H = 20 , 53 = 3 + H

T + H = Si , Y
= 5 + H

z + H = 52,
53 = 5 + H

this is a group

with operationEStH, T + H ,
+HY = (atH) + (5 + ()

= (i +5) + H

-

identity :Wo + H

Here's the group
table.

sume example calculations
-

+ (2 + H) = (i +2)+ H = 2+ H

(0 + H)
(i+ i) +H = 2 + t)

+ (i + H) =

(T + Ht)

+ (2+ H) = 5 + H = 0 +H=> (i + H)
+ (2 + () = F +H = T+ H

(2+ H)



Note that the "powers" of TtH are :

T+ H

(i + H) + (T + H) = z + H

(i + H) + (i + 1) + (i + H) = 3 + H = 0 + H

Thus, <6/H = <T + H) is cyclic

Since (25/H) = 3 we
have/HER3



Ex : Consider
-

G = 24x2z = 5(,
), (,

Th
, (T

,

)
, (ii) ,

(2,
5)

,
(Is T) ,

(5
,%) ,

(5 , T1]

H = < (2) = &(2,
)

,
(0 ,

%13 .

G is abelian ,
this HEG .

The left cosets are

(0,
0) + H = E(,)

,
(2 / 01]

(i,) + H = &(T ,)
,

(5,%)]

(,
i) + H = G( ,

T)
,
(2, i1]

(ii) + H = G(isT) , (5 ,
T)]

So,

xyx[n/H = ((,) + H
,

(i, ) + H
,
(ii) + H

,
(ii) + H)

has order 4 .

With identity (tH.

Is EuXEn/H cyclic ?

#check
the oreshe

order 1

+H

((i ,
) + H] + [(T ,) + H] = (2, ) + H = (5) + H

order 2.



FT)+ H

((0,
i) + H] + [(5,

7) + H] = (5
,
2) + H = (5) + H

order 2

-

(T,i) + H

((i ,
i) + H] + [(T ,

T + H] = (2,2) + H = (2,
j) + H = (5,

01tH

order 2.

-

So , IyXEz/ It is not cyclic.

It is abelian (by Hw) since XyXE is abelian.


